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d . Abstract 

We present the classical Poisson-Lichnerowicz cohomology for the Pois- 
son algebra of polynomials C[-Xi, . . . ,X n ] using exterior calculus. After 
presenting some non homogeneous Poisson brackets on this algebra, we 
compute Poisson cohomological spaces when the Poisson structure corre- 
sponds to a bracket of a rigid Lie algebra. 
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1 Introduction 

0^ , The first Poisson structures appeared in classical mechanics. In 1809, D. Pois- 

son introduced a bracket of functions, which permits to write the Hamiltons 
equations as differential equations. This leaded to define a Poisson manifold, 
that is, a manifold M whose algebra of smooth functions F(M) is equipped 
with a skew-symmetric bilinear map 



{ , } : F(M)F(M) -> F{M), 

satisfying the Leibniz rule, 

{FG, H} = F{G, H] + {F, H}G, 

and the Jacobi identity. In [7], A. Lichncrowicz has also introduced a cohomol- 
ogy, associated to a Poisson structure, called Poisson cohomology. 

In this paper we study in terms of exterior calculus the Poisson structures 
on the associative algebra of complex polynomials in n variables. We apply this 
approach to the determination of non homogeneous quadratic Poisson brack- 
ets and to the computation of the Poisson cohomology. The linear Poisson 
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structures are naturally related to the n-dimensional Lie algebras. Recall that 
a complex Lie algebra g is rigid when its orbit in the algebraic variety of n- 
dimensional complex Lie algebra defined by the Jacobi relations is Zariski open. 
Such an algebra admits a non trivial Malcev torus and it is graded by the roots 
of the torus. We study the Poisson structure on C[Xi, . . . , X n ] whose Poisson 
brackets correspond to a solvable rigid Lie bracket with non zero roots. In a 
generic example we compute the corresponding Poisson cohomology. 

2 Poisson structures on C[Xi, . . . , X n ] and exte- 
rior calculus 

2.1 Poisson brackets and differential forms 

Let A n be the commutative associative algebra CLYi, . . . , X n ] of complex poly- 
nomials in Xi, ■ ■ ■ , X n . We define a Poisson structure on A n as a bivector 

l<i<j<n 

where di = and Pjj £ A n , satisfying the axiom 

[V,V}s = 0, 

where [,]s denotes the Schouten's bracket. If V is a Poisson structure on A n , 
then 

{P,Q} = V(P,Q) 
defines a Lie bracket on A n which satisfies the Leibniz identity 

{PQ,R} = P{Q,R} + Q{P,R}, 

for any P,Q,Re A n . 

We denote by Sh p ^ q the set of {p, g)-shufnes where a {p, (^-shuffle is a permuta- 
tion a of the symmetric group S p + g of degree p + q such that cr(l) < er(2) < 
• • • < a(p) and a(p + 1) < <r(p + 2) < • • • < <r(p + q). For any bivector V we 
consider the (n — 2)-exterior form 

n = E (- 1 ) £(CT) ^dM2)^(3) A---AdX„ (n)) 

G £S2,n — 2 

where (— is the signature of the permutation a. If n > 3, we consider the 
Pfaffian form «»!,... ,»„_ 3 given by 

a»i,-,i»-3Q0 = ft(dh,d i2 ,. . .,d in _ 3 ,Y) 

with Y = £? =1 Y i9i, Yi e A n . 
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Theorem 1 A bivector V on A n satisfies [P,V]s = if and only if 

• for n > 3, 

da il: ... ! i n _ 3 A O = 0, 
for every ii, • ■ ■ , i n s such that 1 < i\ < ■ ■ ■ < z„_ 3 < n. 

• for n = 3 

dfl Afl = 0. 

Proof. The integrability condition [V,V]s — writes 

n 

^ ^ Pri^rPjk ~t~ Prj^rPki ~t~ Prk&rPij 0? 
r=l 

for any 1 < i,j,k < n. But 

summing over all triples (j, fc, Z) such that {j,k,i\, . . . ,1, . . . in-3) is a permu- 
tation of 5*2, n-2 and N = e(a) + p — 3 where (— 1) £ (<t) is the signum of a. 
Then 

da il ,... iin _ 3 = J2(-l) N dPjk A dX l 

and dai lt ... t i n _ 3 Afi = corresponds to [P,V]s = 0. The proof is similar if 
n = 3. 

2.2 Lichnerowicz-Poisson cohomology 

We denote by A^, the algebra A n = C[X\, . . . ,X n ] provided with the Poisson 
structure V. For k > 1, let x k (-^v) ^ e ^ ne vec tor space of fc-derivations that is 
of fc-skew linear maps on Aj, satisfying 

<p(PiQi, P2, ...,Pk) = PMQi,P 2 , ...,P k ) + QMPi,p 2 , P k ), 

for all Qi,Pi, . .. ,P fc e -4£. For fc = we put x°(*4p) = *4£- Let <5 fc be the 
linear map 

«5 fe : X fe (^)^ X fe + 1 (^) 

given by 

fe+i 

5 k <p(P u P 2 , P fe+ i) = ^(-lr^P, ,:/', /'-... Pfc+l)} 

1=1 ^ 

l<i<j</c+l 

where P» means that the term Pj does not appear. We have i5 fe+1 o(5 fe = and the 
Lichnerowicz-Poisson cohomology corresponds to the complex (x k (A-p), S k )k- 
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Let us note that X k (^v) * s trivial as soon as k > n. A description of the 
cocycle S k (p is presented in [11] for n = 3 using the vector calculus. We will 
describe these formulae using exterior calculus for n > 3. Let us begin with 
some notations: 

• To any element P £ Alp = ~^ > {A r p) 1 we associate the n-exterior form 

$ n (P) = PdX l A ... A dX n . 

• To any ip <E X k (Ap) for 1 < k < n, we associate the (n — /c)-exterior form 

*„_ fc (VJ)= J! {-lY (,y) ^{X a[1) ,...,X a{k) )dX a{k+l) A... A(t? ff(n) . 

• To any ^ G we associate the function $o(v) = <P- 

n 

Finally, if 9 is an fc-exterior form and Y = Yidi is a vector field with Yi 6 .4^,, 

j=i 

then the inner product i(Y)9 is the (k — l)-cxtcrior form given by 

i(Y)6(Z u • • ■ , Z k _ x ) = 9{Y, Z u ■ ■ ■ , Z fc _i), 
for every vector fields Z%, ■ ■ ■ , Z k -i- 

Theorem 2 Assume that n = 3. TTien we /icrae 

1. For all P e J%>, 

$ 2 (<5°P) = -flAdP. 

2. For all f e X 1 {A 3 v ), 

= -^i,9 2 )[n a d(i(d 3 )$ 2 (f)) + d(i(d 3 )si) a $ 2 (/)] 
+i(di,d 3 )[n a d(i(d 2 )$ 2 (f)) + d(i(d 2 )n) a $ 2 (/)] 
9 3 )[n a d(*(0O* 2 (/)) + a $ 2 (/)], 

where i(X,Y) denotes the composition i(X) o i(Y"). 
5. For <p £ X 2 (-4|>), 

$o(<SV) = i(<9i,a 2 ,a 3 )(rfOA$i(^) +fiA# 1 (<p)), 

Proof. If n = 3 we have 

Q = P 12 dX 3 - P 13 dX 2 + P 23 dX x . 

Then the integrability of V is equivalent to A dil = 0. The theorem results of 
a direct computation and of the following general formula: 

v^e x fc (^), v(Pi,...,p fc )= ^ ^(x il ,...,x i j%p 1 ...a ife p fc . 

l<ii <...<Zfc <n 
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Example. Wc consider the Poisson algebra Aj, 1 = (C[Xi, X 2} X 3 },Vi) where 
V\ is given by 

P 1 (X 1 ,X 2 ) = X 2 , 
V 1 (X 1 ,X 3 ) = 2X 3 , 
V 1 (X 2 ,X 3 ) = 0. 

Then 

dimtf ^) = 1, dimff 1 ^) = ■$,dimH 2 {A\) = 2, H^A^) = {0}. 

In this case f2 = X 2 dX 3 — 2X 3 dX 2 and dil = 3dX 2 A dX 3 . Let us compute 
dim H 2 (A^) . Let ip e X 2 (-4?>i)- Then $ (^V) = implies 

A ^t(ip) + n A d$i(v?)) = 0, 

that is 

x 2 (dMXi,x 3 ) + dMx 2 ,x 3 )) + 2x 3 (-dMXi,x 2 ) + d 3 ^(x 2 ,x 3 )) 

+3ip(X 2 ,X 3 )^0. 

Now, if / G X 1 ^) then 

= [X 2 (-S 2 /(X 2 ) - ^/(Xi)) - 2X 3 (9 3 /(X 2 )) + /(X 2 )]dX 3 
-[2X 3 (di/(*i) + %/(X 3 )) + X 2 (d2f(X 3 )) - 2f(X 3 )]dX 2 
-[M-dif{X 3 )) - 2X 3 {8 1 f{X 2 ))]dX 1 . 

Comparing these two relations we obtain that H 2 (AJp ) is generated by the two 
cocycles 

f $1(^1) = X 3 dX 2 , 

\ $!( V2 ) = X 2 dX 2 . 

Now consider the general case. Let A = C[Xi, . . . , X n ] be provided with the 
Poisson structure V. 

Theorem 3 Let <p e x k {Av)- Then, we have 
$n-k-i(5 k y) = eE*(<9<x(i),-" ,d a{k+1) )[d{i{d a(k+2)l --- , 9 CT ( n ))0) A & n -k(<p) 

+fl A d(i(d a{k+2) ,- ■ ■ ,d a{n) )§ n - k {tp))], 

for all a E Sfc+i,n-fc-i> where e — e(n, k) = (— 1)" ^ ~ . 

Proof. To simplify we write c£, in place of dXi. We have seen that for every 
P e A v we have S a P = -O A dP. But 

n 

$„-i(5P) = ^(-l)*" 1 ^, A • • • A 4 A • • • A d„, 
fc=i 
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where d{ means that this factor does not appear, with {P,Xi} = ^PjidjP 

3=1 

with Pji = —Pij when j > i. But 

i(0i)[n a d(i(d 2 , • • • , 9„)$„(P)) + d(i(d 2 , ■■■ , d n )n) a $„(p) 
= i(d 1 )[QAd(i(d 2 ,--- ,a n )*„(P)] = (-lj^^winAdPAdi] 

n 

= PndiPd 2 A • • • A d n = (-l)^$ n -i(P)(d 2 , • • • , 

i=2 

Similarly 

A «*(*(&,■■■ ,4v- ,5„)$„(P)) + d(i(Si,-- - ,4v ,3n)fi) A$„(P)] 

= i(d j )[<TlAd(i(di,--- ,8j,--- ,<9„)$„(P)) = {-iy- 1+1 ^ 11 i(d : j)[nAdPAdX j } 

i=j—i l=n 
= PiAP- E Pol9lP)diA---Ad n 

1=1 1=3 + 1 

l=n 

= (-l)^(£!=r l PiodiP- ]T P j ldiP)diA---Ad j ---Ad n 

1=0 + 1 

= (-l) ! ^{P,X i }d 1 A---Ad i A---Ad n . 
We deduce 

n 

$„_i(5°P) = (-1)^ ^-l)'" 1 *^-)^ A ■ ■ ■ ,4 ■ ■ ■ , 9 n )$„(P)) 

which proves the theorem for fc = 0. The proof is similar for any k. 



Application. We consider the n-dimensional complex Lie algebra defined by 
the brackets 

[X u Xi] = (i-l)X u 

for i = 2, • • • ,n. Let V 2 be the corresponding Poisson bracket on C[Xi, • • • , X n ]. 
Let X 2 {-A-p 2 ) be the subspace of x k (Av 2 ) whose elements are homogeneous of 
degree 2. We denote by H^A-p^) — Zf/Pf the corresponding subspace of 
H 2 (Av 2 )- Define N := 

• If n is even, then 

dimPf = N + (N - 1) + • • • + N - n/2 + 1 = n ( 2n2 - 3n + 2 ) . 

8 

• If n is odd, 

dimP 2 2 = N + (N - 1) + • • • + (N - (n - l)/2) = ^ ~ ^ ~ 1} . 
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In fact, if / e xh(Ap), then f(Xi) = P, = Soj^... , in X^X% ■ ■ ■ Xfr is homoge- 
neous of degree 2, then: 

1. In 6f(X 1 ,X 2 i) we find TV — I independent coefficients of P%. The coeffi- 
cients which do not appear are: 

21 21 21 

a l,0,0,— ,0,1,0,— ,0' a 0,l,0, — ,0,1,0,— ,0) ' ' " ' a 0,0,- ,1,1,0,— ,0) 

where the second 1 is respectively in the place 21, 21 — 1, • • • , I + 1. 

2. In 5f(Xi,X 2 i+i) we find N — l — l independent coefficients of P 2 i+i- The 
coefficients which do not appear are: 

21+1 21+1 21+1 

a l,0,0,— ,0,1,0, ••■ ,0' °0,1,0,— ,0,1,0, ••• ,0' ■'■ J a 0,0,.. ,0,2,0, ■■■ ,0' 

where the second I is in place 21 + 1, 21, ■ ■ ■ ,1 + 2 and in the last case the 2 is 
in place I + 1 . 

3. For i > 2 and j > i, 5f(Xi,Xj) is defined by the (n — 2) coefficients 

a l,0,0,— ,0,1,0,— ,o- 

Now we can to find the generators of H 2 {Ap)- We can choose <j) G X2 suc h 
that 

4>(X U X 2 ) = Q, 

<f>(X 1 ,X 3 ) = a\llX 1 X 3 + 0,^X1 

4>{Xi,X2i) = a-^ l X\X 2 i + a 2 '^\ 1 X 2 X 2 i-\ + • • • + a^2i~ XiXi + i, 
4>{Xi,X 2l+ i) = a^2j+*XiX 2 ;+i + a 2 ^ l+1 X 2 X 2l H h a{ 2l+1 X 2 , 

<j>(Xi,X n ) = a{' a n XiX n + a 2 /^ 1 X 2 X n -i H , 

(t>(X i ,X j )=A i>j , 

where Ajj is a degree 2 homogeneous polynomial without monomial of type 
X\Xk and XiXj. By solving $„_ 2 (<50) = we obtain the generators of H 2 {Ap). 
They are given by 

( j ) {X 1 ,X 2 ) = Q, 
<j)(Xi,X 3 ) = a{ 3 X%, 

4>{Xi,X 2 i) = a\'£\ 1 X 2 X 2 i-i H + a 1 ^ 1 XiXi + i, 

4>{Xi,X 2 i +1 ) = a 2 { 2 2 l l+1 X 2 X 2 i H h a^i+X 1 X^ +1 , 

<j>(X u X n ) = a\l- x X 2 X n ^ + ■■■ + a™;™ +1 X m X m+1 , if n = 2m, 
(j){Xi,Xj) = A l . j , 

or <f>(X lt X n ) = a 2 { n - x X 2 X n ^ + ■■■ + a™+ hm+1 X m X m+1 , if n = 2m + 1. For 

example: 

- if n = 2 , dim i?| (.4-p 2 , _4p 2 ) = 1 , 

- if n = 3, dim H 2 {Ap 2 > <A.Vi ) = 3, 

- if n = 4, dimiff (yVp 2 ,.4-p 2 ) = 8, 

- if n = 5, dim i/f (_4p 2 , ^4p 2 ) = 16. 
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3 Poisson structures of degree 2 on C[Xi,X 2 ,X 3 ] 



Let V be a Poisson structure on A 3 = C[Xi, X 2: X^\ with Py of degree 2. Then 
V writes 

V = Vo+V 1 +P 2 , 

where Vi is homogeneous of degree i. The associated form f2 is decomposed 
in homogeneous parts = CIq + Qi + fl 2 and, since dQo = 0, the condition 
ft A d£l = is equivalent to 

' VL 2 A dn 2 = 0, 

fi A dfii + fii A df2 = 0, 

< il A dfl 2 + Q 2 A dfl + fii A rffii = 0, ^ 

Qi A df7 2 + ft 2 A d^i = 0. 

If Vl 2 = 0, then V is a linear Poisson structure on A 3 ([!])• If ^2 7^ and 
Q,q = ill = 0, then T 5 is a quadratic homogeneous Poisson structure and the 
classification is given in [9]. In this section we will study the remaining cases 
f^o 7^ or £li y£ 0. The associative algebra A 3 admits a natural grading „4 3 = 
®n>oVn where V n is the space of degree n homogeneous polynomial of „4 3 . 

Definition 4 A linear isomorphism 

f ■ ©»>oK -» ®„>oK 

is called equivalence of order 2 if it satisfies 

• f(V 1 )cV 1 ®V 2 , 

• /(Vb) = 

• / le„> 2 v„= 

Moreover if V\ is provided with a Lie algebra structure, then 

• 7Ti o / is a Lie automorphism of V\ , 
where tt± is the projection on V\. 

Such a map writes 

{n n 
3=1 j,k=l 
f(XiXj) — XiXj. 

Thus, if V is a degree 2 Poisson structure on .A 3 , putting Yi = f(Xi) and 
{Y i ,Y j } = f-\{f(X i )J(X j )}), 
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we obtain a new Poisson structure of degree 2. These two Poisson structures 
arc called equivalent. In the following, we classify the non homogeneous Poisson 
structure of degree 2 up to an equivalence of order 2. Note that the quadratic 
homogeneous Poisson structures are classified in [5] . We assume also that these 
Poisson structures are not trivial extensions of Poisson structures on A 2 , that 
is, Poisson structures which do not depend only of two variables. 

3.1 First case: tt = fi 2 + fti, fii ^ 
The integrability condition of O reduces to 

{Oi Affli = 0, 
Cll A dtt 2 + 2 A dQ 1 = 0, (2) 
o 2 a dn 2 = o. 

As O 1 A dil 1 = 0, ill defines on A 3 a linear Poisson structure. Then this form 
is isomorphic to one of the following 

n\ = x 3 dx 3 , 

o? = x 2 dx 3 + x 3 dx 2 + Xidx x , 

Of = X 2 dX 3 - aX 3 dX 2 , 
Of = {X 2 +X 3 )dX 3 ~X 3 dX 2 . 

Consider 2 = A 3 dX 3 - A 2 dX 2 + A 3 dX x with 

Ai = a x X\ + a 2 Xl + a 3 X| + a±X x X 2 + a 5 XtX 3 + a 6 X 2 X 3 , 
A 2 = b^ + b^ + b^l + biX^ + hX^ + beX^s, 
A 3 = c x X\ + c 2 Xl + c 3 Xl + c±X x X 2 + + c 6 X 2 X 3 . 

3.1.1 dO 2 =0 

If Sli = 0} or Of, then <iOi = and (3.2) is satisfied. An equivalence of order 2 
of type Yi — X\ , Y 2 = X 2 , Y 3 = X 3 + B where B is an homogeneous polynomial 
of degree 2, allows to reduce the form 2 to a form with A\ — 0. We obtain the 
following Poisson structure associated to 

0(1) = [aX\ - \Xl - 2cX 1 X 2 )dX 1 - (cXf + eX 2 2 + bX t X 2 )dX 2 + X 3 dX 3 

(3) 

corresponding to Oi — O}, and 

0(2) = (Xi + aX\ - |X| - 2cAiA 2 )dA:i + (X 3 - cX\ - eX% - bX 1 X 2 )dX 2 
+X 3 dX 3 

(4) 

corresponding to Oi = Of. If Oi = Of or Of, then dil\ — kdX 2 A dX 3 with 
k ^ 0. Then (3.2) implies 2 A dX 2 A dX 3 = that is A 3 = 0. Such a structure 
is a Poisson structure on A 2 . 
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3.1.2 dn 2 ^o, Oi = o} 

As <if2i = 0, then (3.2) is equivalent to 

f Oi A dQ 2 = o, 
{ (] 2 A d0 2 = 0. 

This implies Pdil 2 = Oi A 2 where P is an homogeneous polynomial of degree 
2. The equivalence of order 2 given by Yj = Xi for i = 1, 2 and Y~ 3 = JT 3 + S 
with B £ y 2 enables to consider Ai = 0. In this case, fii A 1^2 = PdQ 2 is 
equivalent to 

diA 2 + d 2 A 3 = 0, 
Pd 3 A 3 = X 3 A 3 , 
Pd 3 A 2 = X 3 A 2 . 

If X 3 is not a factor of P, then <9 3 A 2 = aX 3 and <9 3 yl 3 = [3X 3 . If a = /3 = 0, 
then 2 = 0. The case a/3 ^ reduces by a change of variables to the case 
a ^ and (3 = 0, then ^4 3 = 0. Thus we obtain 

o = X 3 dX 3 - {aXl + bXl)dX 2 . 

This structure is a trivial extension of a Poisson structure on C[A 2 ,X 3 ]. If 
P = X 3 Q and Q is a degree 1 homogeneous polynomial, then Q satisfies 

( Q(d 1 A 2 + d 2 A 3 ) = 0, 
I Qd 3 A 3 = A 3 , 
{ Qd 3 A 2 = A 2 . 

We deduce the following structures 

O = (aX 2 + bXiX 3 )dXi + X 3 dX 3 , 
O = (aX 1 + X 3 /2) 2 dX l + X 3 dX 3 , 

O = (aXiXs + bX 2 X 3 )dX 1 + {bXiXs + cX 2 X 3 )dX 2 + X 3 dX 3l 

The two first ones depends only of two variables. Then we obtain the following 
Poisson structure 

0(3) = {aX x X 3 + bX 2 X 3 )dX 1 + {bX x X 3 + cX 2 X 3 )dX 2 + X 3 dX 3 . (5) 

3.1.3 dQ 2 ^0,Q 1 =Q 2 1 

By an equivalence of degree 2, we can consider that A 3 = 0. Then Pdfl 2 = 
Oi A 2 gives 

Pd x A 2 = X X A 2 , 
Pd 1 A 1 =X 1 A 1 , 

P(d 2 A x + d 3 A 2 ) = (A 2 X 2 + AiX 3 ). 
Solving these equations, we obtain: 

0(4) = X x dX x + (X 3 - aX 1 X 3 )dX 2 + (X 2 + aX^dXa, ( ^ 
0(5) = X 1 dX 1 + (X 3 - aX\ - 2aX 2 X 3 )dX 2 + X 2 dX 3 . [ ' 
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3.1.4 dtl 2 + 0, Qi = 0? = X 2 rfX 3 - aX 3 dX 2 

Assume that a^O and The equivalence given by Y 2 = X 2 +B 2 , Y% = Xi 

for i = 1,3 and B 2 e V 2 shows that the structure corresponding to O = Oi is 
equivalent to a structure of degree 2 defines as follow 

A 1 = a 2 Xl + a 3 Xl + %X X X 2 + c 3 M 3 , 
A 2 = 0, 

A 3 = c 3 A 2 + C5XX3 + c 6 X 2 X 3 . 

Thus we can assume that in Q 2 we have c 3 — C5 — c$ = a 2 = a 3 = = 0. 
The new equivalence of degree 2 given by Y 3 = X 3 + B 3 ,Yi = Xi for i = 1,2 
and B 3 G V 2 gives a Poisson structure of degree 2 equivalent to the structure of 
degree 1 with 

Ai = 0, 

A 2 = 6 2 A 2 2 + 63X3 2 - c 2 X\X 2 + ^X,X 3 , 
A 3 = c 2 Xl + c±X x X 2 + 03X2X3. 

Thus we can assume that 

fi 2 = (^Xl+aiX^+a^X^dX^ihXl+biX^+b^X^dX^^XldX^ 
As fii A c?f2 2 + ^2 A dfli = wc obtain the following Poisson structure 

Sl{6) = aX 1 X 3 dX 1 - aX 3 dX 2 + (X 2 - £X*)dX 3 . (7) 
with a/0 and 

If a = —1, then dfli — and this case has already been studied. If a = 0, by 
equivalence of degree 2 we can assume that 

A-i, = a x X\ + a 3 Xf + a±X x X 2 + a^X^ 
A 2 =b 1 Xf + b 3 Xl + b 5 X 1 X 3 , 
A 3 =c 1 A 1 2 + C3 A|+ C5 A 1 A3. 

Then we have A 3 = and the Poisson structure concerns only two variables. 

3.1.5 dVL 2 ^ 0, 9,1 = fif = (A 2 + X 3 )dX 3 - X 3 dX 2 

By equivalence of degree 2, we can assume that A\ — 0, C5 = and 64 = 0. The 
equation Oi AcK7 2 + f2 2 Adfii = implies that ci = c 4 = 61 = 0, c 6 = —65 = 2c 2 . 
The equation 2 A dfi 2 = implies that c 2 = and b 2 c 3 = b e c 3 — 0. Then we 
obtain the following Poisson structure: 

0(7) = aXjdX 1 - (X 3 + bXl)dX 2 + (X 2 + X 3 )dX 3 , (8) 

with (if 0. 
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3.2 Second case: Q = Q 2 + ^1 + ^o, 7^ 



The form fl © provides the vector space Vq © V\ with a linear Poisson 
structure. Then Vq ®V\ is a Lie algebra such that Vq is in the center. This 
implies VL\ A dfli = 0. We deduce that Sl + fli is equivalent to 



3.2.1 n + fti = dA 3 - A 3 dX 2 

By equivalence, we can assume that 03 = 05 = 63 = C5 = 0. The equation 
f2 A ci0 2 = implies 64 = — 2c 2 , C4 = — 2&i, c 6 = —65, Oi A dQ 2 dQi = 

implies that c\ — c 2 = c 3 = C4 = 0, a\ = a 4 = and 2 A dfl 2 — gives 
^5&2 = b 5 a 2 = fe5«6 = 0. Thus we obtain the following Poisson structures given 



with a / 0. 

3.2.2 fi + fii = -dX 2 + X 3 dX 3 

We can assume that A 2 = 6 2 A| + b^X\X 2 . As d£L\ = 0, the system reduces to 
fio A dQ, 2 = fli A c/Q 2 = 0. This gives c 4 = c 6 = a 4 = and b 4 + 2c 2 = a 5 — 2c 3 = 
2ai - C5 = 0. Thus 2 A dQ 2 = is equivalent to (2a 2 A 2 + a 6 X 3 )A 3 = 0. We 
obtain the following Poisson structures 



0(9) = -{X 2 + aXl + bX l X 2 )dX 2 + (1 + cX\ + eXf + JX 1 X 3 )dX 3 
+{gXl - |X| + |Xf + 2cX 1 X 3 )dX 1 . 



3.2.3 n + Oi = dXi + X 3 dX 2 + X 2 dX 3 

By equivalence, we can assume 65 = b 2 = a 3 = 05 = c 2 = C5 = 0. As dfli = 0, 
the equation O A g?0 2 = Oi A dfl 2 = implies that be + 2a 2 = a 6 + 26 3 = 
a 4 = ai = b\ = 64 = c 3 = . In this case 2 A <i0 2 = is equivalent to 
c 6 (X 2 A 2 + X3A1) = 0. We obtain 




(9) 



by 



0(8) = aX 2 X 3 dX x - (A 3 - aX x X 3 + 6X 2 X 3 )dX 2 + dX 3 



(10) 



(11) 



O(10) = (1 + aX 2 1 )dX l + X 3 dX 2 + X 2 dX 3 , 



(12) 



and 



0(11) = (1 + aXl)dXi + (A 3 + bXl + cX 2 X 3 )dX 2 + (A 2 + -X\ + 2bX 2 X 3 )dX 3 . 

(13) 
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4 Poisson algebras associated to rigid Lie alge- 
bras 

4.1 Rigid Lie algebras 

Let us fix a basis of C™. With respect to this basis, a multiplication /x of a 
n-dimensional complex Lie algebra is determined by its structure constants . 
We denote by L n the algebraic variety C[C~]/I where I is the ideal generated 
by the polynomials: 



for all 1 < i,j,k,s < n. Then every multiplication \x of a n-dimensional com- 
plex Lie algebra is identified to one point of L n . We have a natural action of 
the algebraic group Gl(n,C) on L n whose orbits correspond to the classes of 
isomorphic multiplications: 



Let g = (C",/i) be a n-dimensional complex Lie algebra. We denote also by \x 
the corresponding point of L n . 

Definition 5 The Lie algebra g is rigid if its orbit is open (for the Zariski 
topology) in L n . 

Among rigid complex Lie algebras, there are all simple and semi-simple 
Lie algebras, all Borel algebras and parabolic Lie algebras. Concerning the 
classification of rigid Lie algebras, we know the classification up the dimension 
8 (0), the classification in any dimension of solvable rigid Lie algebras whose 
nilradical is filiform ([!])• Recall two interesting tools to study rigidity of a given 
Lie algebra. 

Theorem 6 Let g — (<C n ,n) be a n- dimensional complex Lie algebra. Then 

1. q is rigid if and only if any valued deformation q' is (K* ) -isomorphic to 
q where K* is the fraction field of the valuation ring R containing the structure 
constants of q' . 

2. (Nijenhuis-Richardson Theorem) If H 2 (g, g) = 0, then q is rigid. 

The notion of valued deformation, which extends in a natural way the clas- 
sical notion of Gerstenhaber deformations, is developed in [4]. In the Nijenhuis- 
Richardson theorem, the second cohomological space i/ 2 (g,g) of the Chevalley 
cohomology of g is trivial. Let us recall that the converse of this theorem is not 




0(/i)={/- 1 o/xo(/x/), feGl(n, 



C)}. 



13 



true. There exists solvable rigid Lie algebras with H 2 (g, q) ^ (see for example 
[2]). In this case there exists a 2-cocycle <p\ € H 2 (g,g) which is not the first 
term of a valued (or formal) deformation 



of the Lie multiplication /i of g. 

4.2 Finite dimensional Poisson algebras whose Lie bracket 



We recall in this section some results of [5] which precise the structure of a 
finite dimensional complex Poisson algebra with rigid underlying Lie bracket. 
Let V — (C n ,V) be a finite dimensional complex Poisson algebra. We denote by 
{X, y} and X ■ Y the corresponding Lie bracket and associative multiplication, 
by Q-p the Lie algebra (V, {, }) and by Ap the associative algebra (V, •)• 

Proposition 7 If the Lie algebra Qp is a simple complex Lie algebra, 

then the associative product is trivial that is X ■ Y = for every X , Y in V. 

Let us assume now that Q-p is a complex rigid solvable Lie algebra. Then q is 
written: 



where n is the nilradical of q and t a maximal abelian subalgebra such that the 
adjoint operators adX are diagonalizable for every let. This subalgebra t is 
usually called a Malcev torus. All these maximal torus are conjugated and their 
common dimension is called the rank of Q. 

Lemma 8 If there is a non-zero vector X G Qp such that adX is diagonalizable 
with as a simple root, then Ap.Ap = {0}. 

Proof. Let {e\, e n } be a basis of Qp such that ade\ is diagonal with respect 
to this basis. By assumption, {ei,e;} = with ^ for i > 2. Since 
{ef,ei} = 2ei • {ei,ei} = 0, it follows that e\ — ae\. But for any i ^ 1, 
{ef,ei} = 2ei • {e^ej = 2A,ei • and {e^ej = a\ i e l , thus e x ■ e t = fe,. 
The associativity of the product X ■ Y implies that (e\ ■ e\) ■ = ae\ ■ = 
\&i — e.\ ■ [e.\ ■ ci) = ^-e;. Therefore a = and e\ = = e x ■ e,- L for any i. 
Finally, = {e! • ej,Ci} — e\ ■ {ej, e{\ + Cj ■ {ei,ei} = \ej ■ e^, which implies 
• ej = 0, Vi, j > 1. □ 

Proposition 9 Let g be a rigid solvable Lie algebra of rank 1 with non-zero 
roots. Then there is only one Poisson algebra V such that Qp = g. It corresponds 




i>i 



is rigid 



= t©n, 



to 



X-Y = 0, 



for any X, Y € V. 
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Proof. By hypothesis we have dim t = 1 and for I e §p, I / 0, as the roots of 
g are non zero, the restriction of the operator adX on n is invertible (all known 
solvable rigid Lie algebras satisfy this hypothesis). By the previous lemma, the 
associated algebra A-p satisfies A-p.A-p = {0}. 

Theorem 10 Let V a complex Poisson algebra such that g-p is rigid solvable of 
rank 1 (i.e dim t = 1) with non-zero roots. Then V is a rigid Poisson algebra. 

Proof. See [5] 

4.3 Linear Poisson structures on A n+1 = C[X , Xx, ■ ■ ■ ,X n ] 
given by a rigid Lie bracket 

In this section we consider a linear Poisson bracket on C[Xo, • • • , X n ] such that 
the brackets {Xi,Xj} = V(Xi,Xj) corresponds to a solvable rigid Lie algebra 
g of rank 1. We assume that the roots (see [2]) of this rigid Lie algebras are 
1, • • • , n. In this case we have 

{X ,Xi} = iXi, i=l,---,n 
,{X 1 ,X l } = X i+1 , i = 2,---,n-l 
,{X 2 ,Xi} = X i+2 , i= 3, ■■■,n- 2. 

We denote this (n + l)-dimensional Poisson algebra by V(g). This algebra is a 
deformation of the Poisson algebra studied in Section 1.2. The corresponding 
(n — 1)— exterior form is 

= E {-lY^Xdi A • • ■ A d t A ■ ■ ■ A d n + £ (-iyx t+1 d A d 2 A • • • A di A • • ■ 

i=l i=2 
n-2 

+ E (-l) i+1 X i+2 d Q A di A d 3 A • • • A di A • • • A d n , 

where e?.j denotes dX t and di means that this term does not appear. Let <p be a 
2-cochain. We denote by <p{i,j) the vector ip(Xi,Xj). Then <p is a 2 cocycle if 
and only if 

$„_!(</?) = (—l) n ~ 2 (p(l, i)do A d 2 A ■ ■ ■ Adi A ■ ■ ■ Ad n 

n 

+ E V(2, i)d A di A d 3 A ■ ■ ■ A d t A ■ ■ ■ A d n 

i=3 

+ E (-1)^" V(«= j)do A • • • A di A ■ ■ ■ A dj A ■ ■ ■ A d n 

satisfies 

d[i{d a{l) , ■ ■ ■ , d a{n _ 2) )n\ A $n-i(<p) + & A d[i{d a{l) , ■ ■ ■ , d a{n _ 2) )$ n _ 2 (v)] = 0, 

(14) 

for any a £ S , 3,„-2- As g — t©n, we have the decomposition V(g) = V(t)(BV(n) 
where V(t) and V(n)) are the Poisson algebras (C[X ], V) and {C[X\, • • • , X n ],V). 
From the Hochschild-Serre factorization theorem, we assume that the cocycles 
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are t-invariant and with values in V(n). We denote this space by X fe ("P(fj), 'P(s)) i - 
If /exHW.TWthen 

{X ,f(X i )} = if(X i ), 

and we obtain 

f(X 1 ) = a 1 1 X 1 J(X 2 ) = a 1 1 1 X 2 1 +a 2 2 X 2 ,--- J{X l ) = £ a^'"^^ 1 • • • X[\ 

ilH Hk=i 

Thus Sf(Xi, Xi) — a{{Xi 7 Xi} + {X\, /(JQ)} — f(X i+ i) and we can reduce any 
element <p <E Z 2 (7 :> (g), V(q)) 1 to a 2-cocycle satisfying 

ip(X 1 ,X, l ) = for i = 2, • •• ,n- 1. 

We denote by Z%(P(q), ^(fl)) 1 the subspace of homogeneous cocycles of degree 
A:. Let us look the system on the <p(i,j) which is deduced from Equation(4.1). 

- If (cr(l), • • • , a(n - 2)) = (3, 4, • • • , n) then Condition (4.1) is trivial. 

- If (cr(l), • • • , a(n - 2)) = (2, 3, • • • , 1, ■ ■ ■ , n) then Condition (4.1) is trivial 
as soon as I ^ n. If I — n we obtain 

mp{Xi,X n ) + (-I)"" 1 ]T iXidi<p(X u X n ) = 

and tp(Xi,X n ) is of weight n + 1. 

- If (ct(1), • • • , cr(n — 2)) = (1, 2, • • • , j, • • • , n) we obtain 

(i + j>(ii, a» = 2 kXkdk<p(Xi,Xj) 

and Xj) is of weight i + j. 

Other relations show that the space of cocycles of degree 2 is generated by 
<p(Xi,X n ) and Lp(X 2 , X 2 k+i) with k = 1, ■ • ■ , / where n = 21 + 1 or n = 21. The 
relations between these generators leads to study two cases: fc = 1 and k = 2. 



Case fc = 1. As ip(X\,X n ) is of weight n + 1, then tp(X\,X n ) — 0. We have 
also tp(Xi, Xj) = a l £ 3 X i+ j if i + j < n. 

If (ct(1), • • • , a{n — 2)) = (1, 2, • • ■ , i, ■ ■ ■ , j, ■ ■ ■ , n) we obtain 
(i + j>(Ii, X,-) = ^ kXkdkfiXuXj) 
and ip{Xi,Xj) is of weight 7 + 1. Then 

^ i ,X,-)=a{t^ i+J - 

if 7 + j < n. 

If (<t(1), • • • , cr(n — 2)) = (0, 1, 2, • • • ,7, • • • , j, • • • , fc, • • • ,n) with i > 3, then 
the related conditions are always satisfied. 
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If (er(l), • • • , <j(n — 2)) = (0, 3, • • • , i, ■ ■ ■ ,n), i > 3, we obtain relation be- 
tween ip{3, 1) and ip(2, 1 + 1). We deduce that 

d3,i = —<i2,i+i + 0,2,i 

and a 2 ,3 = ^2,4- 

If (cr(l), • • • , cr(n — 2)) = (0, 1, 2, • • • , v • ■ ,j, ■ ■ ■ , k, ■ ■ ■ ,n) with i > 3 then 

tt4,i = «2,i+2 — 2a 2: i+i + 02, j 

and 

^3,4 = 03,5. 

If (<t(1), • • • , cr(n — 2)) = (0, 2, 3, • • • , j, ■ ■ ■ ,n), i> 4, then we have 

a «+l J = — a ij' + l + a i,j 

and 

a i,i+2 = 

If (cr(l), • • • , cr(n — 2)) = (0, 1, 3, • • • ,j, • ■ • ,n), i > 4, then we have 

a i+2j = — a «,j+2 + O'i.j 

and 

tt3,j = a 2 j - a2,j + 1. 
If we solve this linear system, we obtain 

Proposition 11 If n > 7, then H\ (A p , A p ) is of dimension 1 and generated by 
the cocycle given by 

ip{X 2l X t ) = (4-i)X 2+t i = 5,---,n-2, 
¥?(X 3 ,Xj) = X 3+i i = 4, • • • ,n - 3, 
<p(Xi,X,) = m ot/ier cases. 

Case k = 2. The set of generators is of dimension 2_t§£ if n = 2p + 1 and 
p +3p-2 jf n _ 2p. The number of independent relations concerning these 
parameters is greater than the dimension of the set of generators as soon as 
n > 6. For n = 5 the dimension is equal to 2 and for n = 6, this dimension is 0. 
We deduce that dim iff = when n > 7. 

Remark: Deformations of the Enveloping algebra of a rigid Lie al- 
gebra Let g be a finite dimensional complex Lie algebra. We denote by U(q) 
its enveloping algebra. One of the most important problem in this time is to 
look the deformations of the associative algebra U{q). The theory of quantum 
groups comes from the deformation of U(sl(2)). In this case, g = sl(2) is a rigid 
Lie algebra and U{sl{2)) is a rigid associative algebra. Thus we have to look 
what happens for any rigid Lie algebra. The aim of this section is to study the 
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deformations of U(g) when g is the rigid Lie algebras studied in the previous 
paragraph. 

We denote by 5(g) the symmetric algebra on the vector space g. This asso- 
ciative commutative algebra is interpreted as the algebra of polynomials on the 
dual vector space g* of g that is C[a%, ■ ■ ■ , a n ] where {a\, ■ • ■ , a n } is a basis of 
g*. But the Lie structure of g induces a Linear Poisson structure (or of degree 1), 
V, on g*. In fact, if {Xi, ■ ■ ■ , X n } is the (dual) basis of g, this Poisson structure 
corresponds to the Poisson structure of degree 1 on C[Xl, . . . ,X n ] associated 
to g. From the formality theorem of Kontsevich, U(q) is a deformation of the 
Poisson algebra (C[Xi, . . . ,X n ],V). In his thesis, Toukaidine Petit ([TO]) shows 
that every nontrival deformation of the Poisson structure V on C[Xi, . . . ,X n ] 
induces a nontrivial deformation of the associative algebra U(g). As a conse- 
quence, we have that if g is a nonrigid Lie algebra, then there is a nontrivial 
deformation of U{q). 

If we consider the rigid Lie algebra g«+i studied in the previous paragraph, 
we have determinate a non trivial cocycle of degree one for the corresponding 
Poisson algebra which is not integrable. Thus we cannot define a deformation 
of its enveloping algebra. But the Lie algebra g ra +i admit a deformation in the 
following nonLie algebra which is written 

n{X ,Xi) — iXi i = l, ••■ > ra, 
n{X u Xi) =Xi +1 i = 2,---,n-l, 
< fx(X 2 ,X 3 )=X 5 , 

f i{X 2 , Xi) = (5 - i)X 2+i i = 4, •■■,»- 2, 
fi(X 3 ,Xi) = X 3+i i = 4, • • • ,n - 3. 
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